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Existence of a smooth anti-periodic solution for the quasilinear equation
w xu y s u y u s f x , t in 0, p = R .  . .t t x x x tx
 .  .  .with the boundary condition u 0, t s u p , t s 0 is proved for a class of s ¨
2’ .  .including s ¨ s ¨r 1 q ¨ , where f x, t is a given anti-periodic function in t.
Q 1996 Academic Press, Inc.
1. INTRODUCTION
In this paper we are concerned with the existence of anti-periodic
solutions of the quasilinear wave equation with viscosity,
w xu y s u y u s f x , t , x , t g 0, p = R, 1 .  .  .  . .t t x x x tx
u 0, t s u p , t s 0, t g R, 2 .  .  .
2’ .  .  .where s ¨ is a function like s ¨ s ¨r 1 q ¨ and f x, t is a t-
anti-periodic function in t.
 .A function u x, t is called t-anti-periodic in t iff
u x , t q t s yu x , t , t g R. 3 .  .  .
 w x .See Okochi 11 .
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 .The equation 1 under consideration was introduced by Greenberg
w xet al. 4 as a model of quasilinear wave equation which admits global
smooth solutions for the initial-boundary value problem without smallness
condition on the data, and it has been investigated by many authors from
 w x w x w xvarious points of view. See Andrews 2 , Ebihara 3 , Yamada 19 , Webb
w x w x w x w x .18 , Kawashima and Shibata 6 , Kobayashi et al. 7 , Nakao 8, 9 , etc.
w xConcerning periodic solutions, Sowunmi 16 proved an existence theo-
rem for generalized periodic solutions under the assumption that
s 9 ¨ G « ) 0 for ¨ g R. 4 .  .0
2’ .  .However, the most classical case s ¨ s ¨r 1 q ¨ does not satisfy 4 ,
and it is desirable to establish the existence of periodic solution for a class
 . w xof s ¨ admitting the classical one. Narazaki 10 tried to remove condi-
 .tion 4 and proved the existence of smooth periodic solution under a
weaker assumption
< <lim s ¨ s ` and s 9 s G 0. 5 .  .  .
< <¨ ª`
 .  .Although assumption 5 is much weaker than 4 , it excludes again
2’ .  w x .s ¨ s ¨r 1 q ¨ . For related works see Vejvoda 17 .
2’ .The main difficulty for the case s ¨ s ¨r 1 q ¨ comes from the
fact that we cannot derive the key a priori estimate
5 5 2sup u t F c - `. 6 .  .Lx x
t
The object of this paper is to show that such difficulty is overcome if we
restrict ourselves to anti-periodic solution. That is, we first establish an
estimate
5 5 2 5 5 2sup u t q u t F c - ` 7 4 .  .  .L Lx
t
 .for assumed anti-periodic solution u t by use of the anti-periodicity, and
 .then we derive further the desired estimates including 6 by a careful
analysis. These estimates will yield existence theorems of anti-periodic
w xsolution. We note that our argument is simpler than that of Narazaki 10 .
The concept of anti-periodic solution was introduced by Okochi and has
 w x.been applied to quasi-linear equations of parabolic type see 11]14 .
w x w xRecently, Haraux 5 and Aizicovici and Pavel 1 have discussed the
existence of anti-periodic solutions for semilinear hyperbolic equations as
well as parabolic and elliptic equations.
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2. RESULTS
The function spaces we use are all familiar and we omit the definition of
them. We put
5 5 5 5 2V s 0, p and s . . L V .
D and D denote ­r­ x and ­r­ t, respectively. We use D to denote bothx t
D and D .x t
We make the following assumptions on f and s .
f1 t-anti-periodicity in time f x , t q t .  .  .
s yf x .t , ; x , t g 0, p = R. .  .  .
2 ˚f2 f g L R; H 0, p . .  . .loc 1
3, 2 w x 2 2, 2f2 9 f g W 0, t ; L V l W 0, p = 0, t .  .  .  . . .
s 1 oddness s yr s ys r , r g R. .  .  .  .
s 2 s g C 2 R . .  .
s 2 9 s g C 3 R . .  .
< <s 3 s 9 r ) 0 for r g R and s 0rs 9 F L for some L ) 0. .  .
Our results are the following.
 .  .  .  .  .THEOREM 2.1. Suppose f 1 , f 2 , s 1 , s 2 , and s 3 . Then there
 .  .  .exists a t-anti-periodic solution u t of 1 ] 2 in the class
` ˚ 1, ` ˚w x w xL 0, t ; H V l H V l W 0, t ; H V .  .  . .  .2 1 1
2, 2 w x 2 1, 2 w xl W 0, t ; L V l W 0, t ; H V , .  . . . 2
satisfying
t
2 2 2 25 5 5 5 5 5 5 5ess. sup u t q u t q u t q u t dt .  .  .  . 4  4Hx t x x x x t t t
0t
F C M , M - `, 8 .  .0 1
 .where C M , M is a certain constant depending on the ¨alues0 1
t t
2 25 5 5 5M s f t dt , M s f t dt. .  .H H0 1 x
0 0
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 .  .  .  .  .THEOREM 2.2. Under the conditions f 1 , f 2 9, s 1 , s 2 9, and s 3 ,
 .  .  .there exists a t-anti-periodic solution u t of 1 ] 2 in the class
4
i , ` ˚w xW 0, t ; H V lH V .  . .F 4y i 1
is0
4
i , 2 ˚w xl W 0, t ; H V l H V .  . .F 5y i 1
is1
satisfying
4t
2 24 5yi i5 5 5ess. sup D u t q D D u t dt F C M - `, 9 .  .  .  .H x t
0t is1
where
1r2
t t
2 2i 35 5 5 5M s D f t dt q D f t dt . .  .H H t /0 0< <a F2
REMARK 2.1. Since
4
i , ` 2˚w x w xW 0, t ; H V l H V ; C 0, t = V , .  .  . .F 4y i 1
is0
the solution in Theorem 2.2 is a classical solution.
REMARK 2.2. If we assume further regularity on f , then the solution
becomes more regular.
Here, we give an elementary lemma for anti-periodic functions due to
w xHaraux 5 .
LEMMA 2.1. Let X be a Banach space and w: R ª X be a t-anti-periodic
 . 1 .function satisfying drdt w g L 0, t ; X . Then
5 5 ` 5 5 1w F drdt w . .L 0 , t ; X . L 0 , t ; X .
w .This lemma is easily obtained, since for each t g 0, t , the t-anti-
tqt  .periodicity of w yields H w s ds s 0.tyt
3. PROOF OF THEOREM 2.1
By a standard method based on Leray]Shauder degree theory, Galerkin
method, and compactness argument it suffices for the proof of Theorems
 .  .2.1 and 2.2 to derive a priori estimates 8 and 9 , respectively, for an
 .  w xassumed smooth t-anti-periodic solution u t . Cf. Sowunmi 16 and Prodi
w x w x w x15 . See also Haraux 5 and Aizicovici and Pavel 1 for the existence of
anti-periodic solutions for systems of ordinary differential equations. If
.necessary we approximate f by appropriately smoother ones.
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Of course, we must use only techniques which can be applicable to
approximate solutions too.
Let us begin with the following.
 .  .  .  .  .PROPOSITION 3.1. Under f 1 , f 2 , s 1 , s 2 , and s 3 , a t-anti-
 .  .  .periodic solution u t of 1 ] 2 in the class
˚ 1 ˚w x w xC 0, t ; H l H lC 0, t ; H .  .2 1 0
2, 2 w x 2 1, 2 w xl W 0, t ; L lW 0, t ; H . . 2
satisfies
t
2 2 2 2 25 5 5 5 5 5 5 5sup u t q u t q u t q u t dt F cM 10 .  .  .  .  . 4  4Hx t x t 0
0t
for some c ) 0 independent of f.
 . w xProof. Multiplying Eq. 1 by u and integrating over V = 0, 2t , onet
has, by use of anti-periodicity,
1r2 1r2
t t t t
2 2 25 5 5 5 5 5u t dt s fu dx dt F u dt f dt . .H H H H Hx t t t /  /0 0 V 0 0
Hence
t t
2 2 25 5 5 5u t dt q u t dt F cM . 11 .  .  .H Ht x t 0
0 0
 .Using Lemma 2.1 with 11 , we have
5 5 2 5 5 2 2sup u t q u t F cM . 12 .  .  . 4x 0
t
The following will complete the proof of Theorem 2.1.
PROPOSITION 3.2. Under the assumption of Theorem 2.1, a t-anti-
 .  .  .periodic solution u t of 1 ] 2 as in Proposition 3.1 satisfies the estimate
 .8 .
 . w xProof. Multiplying Eq. 1 by yu and integrating over 0, 2t , wex x
have
t
2< <s 9 u u dx dt .H H x x x
0 V
t t
2< <s u dx dt q f u dx dtH H H Hx t x x
0 V 0 V
F c M 2 q M M , 13 . .0 0 1
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 .  .where we have used 10 . Further, multiplying Eq. 1 by yu , one hasx x t
1 d 2 2 25 5 < < 5 5u t q s 9 u dx q u t .  .Hx t x x x x t 52 dt V
1 2< <s f u dx q s 0 u u dx. 14 .H Hx x t x t x x2V V
Hence
t t
2 25 5 < 5 5 <u dt F cM M q c s 0 u u dx dt. 15 .H H Hx x t 0 1 x t x x
0 0 V
 .  .  .Here, we use the assumption s 3 , 10 , and 13 to get
t
2< < < < < <s 0 u u dx dtH H x t x x
0 V
t
2< < 5 5 < <F sup s 0rs 9 u t s 9 u dx dt .H `Hx t x x
0 V
t
25 5 < <F c u t s 9 u dx dt .H `Hx t x x
0 V
1r2
t
1r2 1r2 25 5 5 5 < <F c u t u t s 9 u dx dt .  .H Hx t x x t x x /0 V
1r2
2< <= sup s 9 u dxH x x /
Vt
1r4 1r4
t t
2 25 5 5 5F c u t dt u t dt .  .H Hx t x x t /  /0 0
1r2 1r2
t
2 2< < < <= s 9 u dx dt sup s 9 u dxH H Hx x x x / /0 V Vt
1r4
t 1r221r2 25 5F cM u t dt M q M M .  .H0 x x t 0 0 1 /0
1r2
2< <= sup s 9 u dx . 16 .H x x /
Vt
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 .  .From 15 and 16 , one has the estimates
t
25 5u dtH x x t
0
2r3
2r3 22r3 2 2< <F c M M q M M q M M sup s 9 u ' A . H0 1 0 0 0 1 x x 5 /
Vt
17 .
and,
t
2 2< < < <s 0 u u dx dt F cA . 18 .H H x t x x
0 V
 .  . w xFrom 10 and 13 there exists t* g 0, t such that
5 5 2 < < 2 2u t* q s 9 u t* dx F c M q M M . .  .  .Hx t x x 0 0 1
V
 .  .Therefore, equality 14 together with 18 implies
5 5 2 < < 2sup u t q s 9 u t dx .  .Hx t x x 5
Vt
t
2 5 5 5 5F c M q M M q f t u t dt .  . . H0 0 1 x x t
0
t
21 < < < < < <q s 0 u u dx dtH H x t x x2
0 V
F c M 2 q A2 , .0
and hence we obtain
5 5 2 < < 2sup u t q s 9 u t dx .  .Hx t x x 5
Vt
22 2 2 2F c M q M M q M M q M M ' cQ . 19 . . 50 0 1 0 0 0 1
 .  .By 17 and 19 we have also
t
2 25 5u t dt F cQ , 20 .  .H x x t
0
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and using Lemma 2.1,
5 5 2sup u t F cQ . 21 .  .x x
t
 .Finally, returning to Eq. 1 we get
t t t
2 2 25 5 < < 5 5u t dt F s 9u dx dt q u dt .H H H Ht t x x x x t
0 0 V 0
F cQ2 . 22 .
Thus we have the desired estimate.
4. PROOF OF THEOREM 2.2
 . 5  .5 5  .5We shall derive the desired estimate 9 . Since u t F c u t and`x x x
5  .5the bound for u t is already known, our task is rather routine.x x
PROPOSITION 4.1. Under the assumption of Theorem 2.2, a t-anti-
 .  .  .periodic solution u t of 1 ] 2 in the class
4 4
i i , 2˚ ˚w x w xC 0, t ; H l H l W 0, t ; H l H .  .F F4y i 1 5yi 1
is0 is1
satisfies
t
2 2 23 3 2 25 5 5 5 5 5sup D u t q D D u t q D D u t dt .  .  . 4H x t x t
0t
F C M - `, 23 .  .2
where
1r2
t
2 2 25 5 5 5 5 5M s f q Df q f dt . .H2 t t 5
0
 .Proof. Differentiations of Eq. 1 with respect to t imply
D3u y s 9 u u y D2D2 u s f 24 .  . .t x x t x t tx
and
4 < < 2 2 3D u y s 9 u u y s 0 u u y D D u s f . 25 .  .  . .  .t x x t t x x t x t t tx x
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 . 2  .Multiplying Eq. 24 by D u and integrating over 0, 2t , one hast
t t t
22 2 25 5s 9 u u D D u dx dt q D D u dt s f D u dx dt. .H H H H Hx x t x t x t t t
0 V 0 0 V
Hence by Proposition 3.2,
t
225 5D D u dt F C M . 26 .  .H x t 2
0
 . 3  .Multiplying Eq. 25 by D u and integrating over 0, 2t one hast
t t
22 3 3< <s 9D D uD D u dx dt q s 0 u D D u dx dtH H H Hx t x t x t x t
0 V 0 V
t t
23 35 5q D D u dt s f D u dx dt.H H Hx t t t t
0 0 V
 .By Proposition 3.2 and 26 , we easily see
t
235 5D D u dt F C M . 27 .  .H x t 2
0
 .  .  .By 26 and 19 , there is t* g 0, t such that
5 3 5 2 5 2 5 2D u t* q D D u t* F C M . 28 .  .  .  .t x t 2
 . 3On the other hand, multiplying Eq. 25 by D u one hast
d 1 12 23 25 5 < <D u q s 9 u D D u dx .Ht x x t 5dt 2 2 V
< < < < 2 < 3 < 5 3 5 2F s 0 u u D D u dx q D D u .H x x t x t x t
V
1 23 2< < < < < <q f D u dx q s 0 u u D D u dx. .H Ht t t x x t x t2V V
 .  .Hence, by Proposition 3.2 and 27 , 28 , we have
5 3 5 5 2 5sup D u t q D D u t F C M , 29 .  .  .  . 4t x t 2
t
  ..  .where we note that Proposition 3.2 implies s 9 u x, t G « on 0, p =x 0
 .0, t for some « ) 0.0
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 . 4  .Multiplying Eq. 1 by D u and integrating over 0, 2t , one hasx
t
23< <s 9 D u dx dtH H x
0 V
t t
22 3 2 3< < < < < < < < < <F D D u D u dx dt q s 0 D u D u dx dtH H H Hx t x x x
0 V 0 V
t
3< <q f D u dx dt.H H x x
0 V
 .Hence by 29 ,
t
235 5D u t dt F C M . 30 .  .  .H x 2
0
 . 4 w xMultiplying Eq. 1 by D D u and integrating over 0, t , one hasx t
t
235 5D D u dtH x t
0
t
2 3 3< < < <F s 0 u q s 9D u D D u dx dt .H H x x x x t
0 V
t
3< <q f D D u dxdtH H x x t
0 V
 .and hence, by 30 ,
t
235 5D D u dt F C M . 31 .  .H x t 2
0
 .  .This together with 30 or Lemma 2.1 implies
5 3 5sup D u t F C M . 32 .  .  .x 2
t
 .  .Finally, returning to Eqs. 1 and 24 we easily obtain
t
2 22 2 25 5 5 5sup D D u t q D D u t dt F C M . 33 .  .  .  .Hx t x t 2
0t
Quite similarly as in the proof of Proposition 4.1 we can prove the
following a priori estimates, which will complete the proof of Theorem 2.2.
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PROPOSITION 4.2. Under the assumption of Theorem 2.2, a t-anti-
 .periodic solution u t satisfies
t
2 24 a5 5 5 5sup D u t q D D u t dt F C M - `. 34 .  .  .  .H t
0t < <a s4
Proof. The proof is routine and thus omitted.
5. A REMARK ON PERIODIC SOLUTIONS
A t-anti-periodic solution is a 2t-periodic solution. Here, we shall
consider the existence problem of an v-periodic solutions of the modified
equation
w xu y s u q lu y u s f x , t in 0, p = R 1 9 .  .  . .t t x x x tx
u 0, t s u p , t s 0, t g R, 2 .  .  .
 .where l ) 0 and f x, t is an v-periodic function in t. Without loss of
generality we take l s 1. For this equation we can obtain the a priori
estimate
5 5 2 5 5 2sup u t q u t F C M - `, 35 .  .  .  . 4x 1
t
2w x 0. 1, 2w x 2 .where we assume f g L 0, v ; H l W 0, v ; L and set1
1r2
v
2 25 5 5 5M s f t q Df t dt . .  . .H1  /0
 .Indeed, multiplying Eq. 1 9 by u we have
1 d 2 25 5 5 5u t q 2 u , u y u .  . 4x t t2 dt
5 5 2q s u u dx q u s f , u 36 .  .  .H x x
V
and
v
25 5s u u dx q u t dt .  .H H x x /0 V
1r2
v v
2 25 5 5 5F u dt q M u dt . 37 .H Ht 0  /0 0
  ..  .SOLUTION FOR u y s u y u s f x, tt t x x x x t 807
 . w xMultiplying Eq. 1 9 by u and integrating over 0, v one hast
v
2 2 25 5 5 5u q u dt F cM . 38 . .H x t t 0
0
 .  .Inequality 37 together with 38 implies
v
2 25 5s u u dx q u t dt F cM . .  .H H x x 0 /0 V
r  .  .Since H s s ds F s r r, we have0
5 5 2 5 5 2u t* q G t* q u t* F cM 39 .  .  .  .t 0
w x  . u x x, t .  .for some t* g 0, v , where G t ' H H s s ds dx.V 0
 . w x  w x.Next, multiplying Eq. 1 9 by u and integrating over t*, t or t, t* wet
easily get
5 5 2 5 5 2 2sup u t q u t q G t F cM . 40 .  .  .  . 4t 0
t
 . w xFurther, multiplying the Eq. 1 9 by yu and integrating over 0, v wex x
have
v v v
2 25 5 5 5u t dt F y f , u dt q u dt .  .H H Hx x x x t
0 0 0
 .and hence, by 38 ,
v
2 25 5u t dt F cM . 41 .  .H x 1
0
 .  . w xFrom 40 and 41 there exists t* g 0, v such that
5 5 2 5 5 2 5 5 2 2u t* q u t* q u t* F cM .  .  .x t 1
 .and, returning to 36 , we get
5 5 2sup u t .x
t
v v
22 5 5 5 5 5 5 5 5 5 5F c M q sup u t u t q u t dt q f u dt .  .  .H H1 t t 5
0 0t
F cM 2 . 42 .1
 .Thus, the estimate 35 has been derived.
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 .Now that 35 has been established, we can adapt the procedure used to
obtain the a priori estimates in Propositions 3.1, 4.1, and 4.2 with t
 .replaced by v. But we must derive 21 without the use of Lemma 2.1. For
this we make an additional assumption
ya
< <s 4 s 9 r G k 1 q r with 0 - a - 4. .  .  .1
 .Indeed, from 19 we see
1r21r21 12’15 5 < < < <u t s s 9 u dx F s 9 u dx . L H H Hx x x x x x /  /’ s 9s 9V V V
1r2
a< <F C M , M 1 q u dx . H0 1 x /
V
5 5 ar2F C M , M 1 q u t . .  . .a0 1 x
Here, if 2 - a - 4,
5 5 a 5 5 2 5 5 ay2 5 5 1ay2.
q
u t F c u t u t F C M u q 1 .  .  .  .  .a 2 ` Lx x x 0 x x
and hence we have
5 5 1 5 5 1ay2.
qr2u t F C M , M 1 q u t . .  .  . .L Lx x 0 1 x x
Since 0 - a - 4, the above implies
5 5 1sup u t F C M , M - ` .  .Lx x 0 1
t
and hence,
5 5sup u t F C M , M - `. .  .`x 0 1
t
 .  .Thus we obtain 21 from 19 .
 .We conclude that if f x, t is v-periodic in t and satisfies the additional
 .  .  .  .conditions f2 and f2 9 with t replaced by v, then the problem 1 9] 2
admits an v-periodic solution which has the same regularity as in Theo-
rems 2.1 and 2.2, respectively. We note that for this conclusion the
 .  .assumptions f1 and s 1 are not required.
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